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O 

^-^ ' Abstract. In the algebraic context, we show that null Ossemian, spacelike 

*- ^ ' Osserman, and timelike Ossemian are equivalent conditions for a model of 

5-H , signature (2,2). We also classify the null Jordan Osserman models of signature 

%-M' (2,2). In the geometric context, we show that a pseudo-Riemannian manifold 

■^r ' of signature (2,2) is null Jordan Osserman if and only if cither it has constant 

sectional curvature or it is locally a complex space form. 



1. Introduction 



r^ i Let Ai := (M,g) be a pseudo-Riemannian manifold. We say that a tangent 

"t^ ' vector V is spacelike, timelike, or null if g{v, v) > 0, if g{v, v) < 0, or if g{v, v) = 0, 

respectively. Geometric properties derived from conditions on spacelike, timelike 
and null vectors can have quite different meanings. For instance, the notions of 
spacelike, timelike and null geodesic completeness are non-equivalent and indepen- 
dent conditions. Although spacelike and timelike conditions can sometimes become 
equivalent (for example as concerns boundedness conditions on the sectional curva- 
j«^ ' ture), they can be quite different than similar null conditions, which are sometimes 

^^ . related to the conformal geometry of the manifold. 

^D ' Let R{x,y) :— V^^Vj^ — VyVj^ — ^[x.y] be the curvature operator of M. The 

^^ . associated Jacobi operator J^r{x) : y — *■ R{y,x)x encodes much geometric infor- 

f^ ' mation concerning the manifold. One has that Jr{\v) = X'^Jr{v); this rescaling 

00 . property plays a crucial role. Let S^{M) be the unit sphere bundles of spacelike 

^7^ ' and timelike unit tangent vectors in M and let N{M.) be the null cone of non- 

zero null vectors. One says that M is spacelike (resp. timelike) Osserman if the 
eigenvalues of Jr are constant on S^{M) (resp. on S^{Ai)). Normalizing the 
length of the tangent vector to be ±1 takes into account the scaling of the Jacobi 
cd ' operator Jr{\v) = X^Jr(v) noted above. Perhaps somewhat surprisingly, spacelike 

Osserman and timelike Osserman are equivalent conditions [lOl [14] . 

We shall say that M. is null Osserman if the eigenvalues of Jr are constant on 
the null cone N{M); with this definition, if Al is null Osserman, then necessarily 
Jr{v) is nilpotent if w e N{M) and Jr{v) has only the eigenvalue 0. Any spacelike 
or timelike Osserman manifold is necessarily null Osserman; the converse can fail 
in general - see, for example, [^ in the Lorcntzian setting. 

The Jordan normal form plays a crucial role in the higher signature setting - a 
self-adjoint linear transformation need not be determined by its eigenvalues if the 
metric in question is indefinite. One says that AA is spacelike, timelike, or null 
Jordan Osserman if the Jordan normal form of Jr{) is constant on S'+(A^), on 
S~{M), or on N{M), respectively. It is known [HI [151 [16] that spacelike and 
timelike Jordan Osserman are inequivalent conditions; further neither necessarily 
implies the null Jordan Osserman condition. 
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In this paper, we concentrate on the 4-diniensional setting. Chi [5] showed that 
any Rieniannian Osserman 4-nianifold is locally isometric to a 2-point homogeneous 
space; it follows from later work |31 19j that any Lorentzian 4-manifold has constant 
sectional curvature. However the situation is much more complicated in neutral 
signature (2,2); there exist many examples of nonsymmetric Osserman pseudo- 
Riemannian manifolds of neutral signature - see [7] and [12j . Indeed, despite the 
results of [2 m [21 [T3] , the general problem of obtaining a complete description of 
4-dimensional Osserman metrics of neutral signature remains open. 

It is convenient to work algebraically. Let ^ be a finite dimensional real vector 
space which is equipped with a non-degenerate symmetric bilinear form (•.•) of 
signature {p,q). Let A G ^'^{V'*) be an algebraic curvature tensor on V, i.e. a 
tensor which has the symmetries of the Riemann curvature tensor: 

A{x, y, z, v) = -A{y, x, z, v) = A{z, v, x, y), 

A{x, y, z, v) + A{y, z, x, v) + A{z, x,y,v) = 0. 

This defines a model 9Jl := (V, (•, ■),A). We shall often prove results on the algebraic 
level (i.e. for models), and then obtain corresponding conclusions in the geometric 
context. The notions spacelike unit vector, timelike unit vector, null vector, Jacobi 
operator, etc. extend naturally to this setting. 

1.1. Null Osserman algebraic curvature tensors. Henceforth, let (•,) be an 

inner product of signature (2, 2) on a 4-dimensional real vector space V. Fix an 
orientation of V and let B = {ei, 62, 63, 64} be an oriented orthonormal basis for V 
where ei and 62 are timelike and where 63 and 64 are spacelike. 

At the algebraic level, in signature (2, 2) the conditions spacelike Osserman, 
timelike Osserman, spacelike Jordan Osserman and timelike Jordan Osserman are 
equivalent to the condition that 9Jl is Einstein and self-dual with respect to a suit- 
ably chosen local orientation [2 [TT] . In Section [21 we will establish the following 
result which shows that these conditions are also equivalent to null Osserman: 

Theorem 1.1. Let ^ be a model of neutral signature (2,2). Then the following 
conditions are equivalent: 

(1) 9Jt is spacelike Osserman. 

(2) 3Jt is timelike Osserman. 

(3) 3Jt is spacelike Jordan Osserman. 

(4) 9Jt is timelike Jordan Osserman. 

(5) 3Jt is Einstein and self-dual for a suitably chosen local orientation. 

(6) 071 is null Osserman. 

Remark 1.2. The action of homothcity on the null vectors is a central one in 
this subject and it is worth saying a few extra words concerning this. With our 
definition, it is immediate that 9Jl = {V, {■,■), A) is null Osserman implies that 
is the only eigenvalue of Ja on N{V, (•, •)). There is, although, an alternate, and 
different, formulation one could use. One says that 9JI is projectively null Osserman 
if either dJl is null Osserman or if given ^ ni, n2 G N{V, (•, •)), there is a non-zero 
constant A so that Spec(Xi(ni)) = ASpec(Xi(n2)). We refer to [4] for related work; 
we only introduce this concept for the sake of completeness as it plays no role in 
our development. 

1.2. Null Jordan Osserman algebraic curvature tensors. There are two alge- 
braic curvature tensors which will play a distinguished role in our development. If ^ 
is an anti-symmetric endomorphism of V, define the associated algebraic curvature 
tensor A* by setting: 

(l.a) A*(a;,y, z,?;) := {'^y, z){^x,v) - (*x, z)(*y, u) - 2{'^x,y){^z,v) . 

Such tensors span the linear space of all algebraic curvature tensors [8] . 
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The sectional curvature of a non-degenerate 2-plane tt = Spanjo:, y} is given by: 

K M - Mx,y,y,x) ^ 

{x,x){y,y) - {x,y){x,y) ' 

A has constant sectional curvature kq if and only if ^ = kqA'^ where A'^ is the 
algebraic curvature tensor of constant sectional curvature +1 defined by: 

(l.b) A°{x,y,z,v) := {y,z){x,v) - {x,z){y,v) . 

We note for future reference that Equations (II. a|) and (II. bp imply that: 

(l.c) J'a*(x) : y-> 3(y, *a;)*a; and Jao{x) : y ^ {x,x)y ~ {x,y)x . 

Assume that * is skew-adjoint. We say that * is an orthogonal complex structure 
if \1>2 = _ i(j and that ^ is an adapted paracomplex structure if ^^ = id. We say 
that a triple of skew-adjoint operators {^i, ^2j ^3} is a paraquaternionic structure 
ii^l = - id, "^2 = id, *§ = id, and if '^i'i'j + 'J'j*,; = for i 7^ j. We can define a 
paraquaternionic structure by setting: 

*iei = -62, *ie2 = ei, ^163 = 64, ^164 = -63, 
(l.d) ^261 = 63, ^262 = 64, ^263 = ei, ^264 = 62, 

^361 = 64, ^362 = -63, ^363 = -62, ^364 = 61. 

Note that ^3 = ^1^2- If {^1, ^2, ^3} is any other paraquaternionic structure on 
V, there exists an isometry (/) oi V so 0*^i = *i, (j)*'^2 = *2, and (/)*^3 = ±^3] 
this slight sign ambiguity will play no role in our constructions. 

Let a; be a spacelike or timelike vector. Then there is an orthogonal direct sum 
decomposition ^ = a; • M ® x-"-. Since J'a{x)x = 0, JAix) preserves x-^. There are 
four different possibilities which describe the Jordan normal form of J^a (x) restricted 
to x^, we refer to |2J[llj for further details: 
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(l.e) 

Type II 

Type la corresponds to a diagonalizable operator. Type lb to an operator with a 
complex eigenvalue and Type II (resp. Type III) to a double (resp. triple) root of the 
minimal polynomial of the operator. If 371 is spacelike, timelike, or null Osserman, 
then the Jordan normal form of J'a is constant on the spacelike and timelike unit 
vectors and we classify A according to the 4- Types above. In Section[3l we construct, 
up to isomorphism, all the spacelike Jordan Osserman algebraic curvature tensors 
and perform the analysis necessary to establish the following classification result: 

Theorem 1.3. Let Tl := {V, {■,■), A) be a model of signature (2,2). Then M is 
null Jordan Osserman if and only if A is of Type la and one of the following holds: 

(1) There exists a constant kq so that A = kqA'^ . 

(2) There exists constants kq and kj with kj ^ so that A — kqA^ + kjA'^ 
where J is an orthogonal complex structure on V . 

(3) There exists a constant Kp ^ so that A — KpA^ where P is an adapted 
paracomplex structure on Vt. 

(4) There exist constants ki, K2, ^^3 so that K2K3{k2 + '«i)('^3 + '«i) > 0, so that 
the associated eigenvalues {3ki, — 8^2, — 3K3} are all distinct, and so that 
A — kij4*i + K2j4*^ + K3j4*^ where (\I'i,^2,^3) is a paraquaternionic 
structure on V . 

Remark 1.4. The inequality K2K3{k2 + 'ti)(K3 + ki) > is equivalent to the fact 
that the cross ratio 

(0, Ki, -K3, -K2) = — -, ■ r > 0. 

K2{K3 +Ki) 
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Let S'^ be the unit sphere in R^. This inequahty is equivalent to the fact that the 
set of points (0, — K3, — K2) and (ki, — K3, —K2) give the corresponding circles in S^ 
(via the stereographic projection) the same orientation '17]. 

1.3. Null Jordan Osserman manifolds. We characterize those neutral signa- 
ture 4-nianifolds which are null Jordan Osserman; null Osserman and null Jordan 
Osserman are not equivalent conditions as the analysis of Section 13.41 shows. We 
say that A^ is locally a complex space form if it is an indefinite Kahler manifold 
of constant holomorphic sectional curvature. We will use Theorem ll.3l to establish 
the following geometric result in Section [4| 

Theorem 1.5. Let M. be a connected pseudo-Riemannian manifold of neutral sig- 
nature (2, 2). Then M is null Jordan Osserman if and only either M. has constant 
sectional curvature or M is locally a complex space form. 

Remark 1.6. Recall that there is another family of four-dimensional Osserman 
manifolds with diagonalizable Jacobi operator: the paracomplex space forms [2]. 
Although the geometry of complex and paracomplex space forms is very similar, 
the Jordan-Osserman condition distinguishes them. So far, up to our knowledge, 
this is the first algebraic curvature condition which distinguishes between these two 
geometries. 

2. NULL Osserman models of signature (2, 2) 

We will work in the algebraic context to prove Theorem ll.il Here is a brief outline 
to this section. Previous work establishes that Assertions (l)-(5) are equivalent. In 
Section 12.11 we introduce various notational conventions and show that spacelike 
Osserman models are null Osserman and that null Osserman models are Einstein. 
Thus to complete the proof, it suffices to show null Osserman models are self- 
dual or anti-self-dual. In Section 12.21 we examine Einstein models. Lemma 12.21 
describes the Weyl curvature operators in that setting and Lemma 12.31 gives an 
alternate characterization of self-duality for an Einstein model. We use Lemma [2731 
to complete the proof of Theorem 11.11 in Section 12.31 

2.1. Notational conventions. Let 9Jt :— {V, {■,■), A) be a neutral signature 4- 
dimensional model. We use the inner product to raise indices and to define an 
associated Jacobi operator Ja, which is characterized by the identity: 

{JA{x)y,z) = A{y,x,x,z). 

Let B = {61,62,63,64} be an oriented orthonormal basis for V. Let gij := {ei,ej) 
and let g"^^ be the inverse matrix. The associated Ricci tensor pA , the scalar curva- 
ture TA, and the Weyl tensor Wa are then defined by setting: 

4 4 

PA{x,y) := ^ g''^A{e^,x,y,ej), ta := ^ ^'^^(ei, 6j), 

WA{x,y,z,v) := A{x,y,z,v) + \TA{{y,z){x,v) - {x,z){y,v)} 



\{PA{y, z){x, v) - pa{x, z){y, 



2 



V 



+PA{x,v){y,z) - pA{y,v){x,z)}. 

Let Aijki — A~!j.i :— A{ei, ej, e^, ei) denote the components of A with respect to B 
where 1 < i,j, k,l < 4; we shall drop the dependence on B from the notation when 
there is no danger of confusion. Let {e^, ..., 6"*} be the dual basis for V* . The Hodge 
operator * : Ap{V*) — > A^^p{V*) is characterized by the identity: 

(j)p A -kOp = (0p, dp)e^ A 6^ A 6^ A e'* . 
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Thus, in particular, 

*(ei A e^) = e^ A e"*, *(e^ A e^) == e^ A e^, •(e^ A e^) = -e^ A e^, 
*(e2 A e^) ^ -e^ A e'', *(e2 A e^) = e^ A e^, *(e3 A e^) = e^ A e^ . 

A crucial feature of 4-diinensional geometry now enters. Since *^ = id, * induces a 
splitting of the space of 2-forms A^(F*) = A+ ® A~, where A+ and A^ denote the 
spaces of self- dual and anti- self- dual two- forms 

A+ = {a e A^ : *q: = a}, A^ = {a G A^ : *q: = -a}. 

We have orthonormal bases {-Ej^, E^ ^ E^^ for A^ which are given by: 

E^ = ^(ei A e^ T e^ A e*), E^ = ^^{e^ A e^ T e" A e'), 

E^^j^{e^Ae^±e^Ae^), 

where the induced inner product on A^ has signature (2, 1): 

{E^,E^)^1, {E^,E^)^-1, {Ef,Ef)^-l. 

Let W^ be the restriction of Wa to the spaces A^F ; W^ : A^F — > A^ . Then 9JI 
is said to be self-dual (resp., anti-self-dual) if W^ = (resp. if W^ = 0). 

Lemma 2.1. Let Tl = {V, (•, •), A) be a model of signature (2, 2). 

(1) IfdJl is spacelike Osserman, then 9Jl is null Osserman. 

(2) // $H is nw/Z Osserman, then 9Jl is Einstein. 

Proof. Let 9Jl be spacelikc Osserman. Set Tj{v) := TrjJ^ («)■'}• Since the eigenval- 
ues of J'a are constant on S^{V, (•, •)), there are constants Cj so that Tj{v) = Cj for 
V e 5'+(y", (•, •)). Since Tj{Xv) = X'^^Tj{v), we have Tj{v) = c^{v,v)^ for v spacelike. 
Since the spacelike vectors form an open subset of V , this polynomial identity holds 
for al\v€V. Thus, in particular, Tj{v) ^ ii v e N{V, {■, ■)). This imphes that 
is the only eigenvalue of J^Aiv) and shows 971 is null Osserman. 

Suppose that 9H is null Osserman. Let si and S2 be spacelike unit vectors. 
We may choose a unit timelikc vector t which is perpendicular to si and S2- Let 
n^ := Si±t be null vectors. Thus = Tr{J'A{nf)) = pA{nf , nf), and 

= PAiSt ±t,Si±t) = Pa{Si, Si) + pA{t, t) ± 2pA{St,t) . 

This implies pA{si,t) = and pA{si,Si) -\- pA{t,t) — 0; in particular, one has 
that pa{si,si) — —pA{t,t) = Pyi(s2,S2). Consequently, after rescaling, there is a 
constant c so pa{s, s) — c{s, s) for every spacelike vector s; this polynomial identity 
then continues to hold for all s G V. Polarizing this identity then yields pA — c(-, •) 
and hence Tl is Einstein. D 

2.2. The Weyl tensor for an Einstein algebraic curvature tensor. Let 

CTi = 2^1212 + 3eAi234 + Ai3i3 + A1414, 
(72 = j4i212 + 2A1313 + 3eAi324 — Ai4i4, 
C3 = A1212 + 3£j4i234 — ^1313 — 3ej4i324 + 2j4i414 . 

The following lemma is now immediate: 

Lemma 2.2. // 9Jt is Einstein, then the self-dual Weyl curvature operator W^ 
(e = 1) and the anti-self-dual Weyl curvature operator W^ (e — ~1) are given by: 

^ ^1213 + £^1224 ^1214 " £^1223 

"^1213 ^ £^1224 ^^ ^^1314 + £^1323 

"^1214 + £^1223 ^^1314 + £^1323 ~^ 

We now come to an observation which is of interest in its own right: 

Lemma 2.3. // 971 is Einstein, then the model 97t is anti- self- dual if and only if 
^f2i4 ~ ^f223 = /o?" every oriented orthonormal frame B. 
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Proof. If 9Jt is anti-self-dual, we set e = 1 in Lemma [2.21 to see j4f2]^4 — Af223 = 0. 
Conversely, suppose A1214 — ^f223 = for every B. Define a new basis B by setting 
ei = ei, 62 = 62, 63 = 64, and 64 — —63. We then have 

n — — 4^ 4-4^ —4'^ +4'' 

U — ^1214 + ^1223 — ^1213 ' ^1224 • 

Next, define B by setting ei = ei, 62 = cosh0e2 +sinh6'e3, 63 = sinh0e2 + cosh6'e3, 
and 64 = 64. This yields the relation: 

= -Af214 + ^f223 = cosh0{-Af2i4 -^ A^^^:,} + smh9{-A^^^^ + Af323} . 

This shows -Af3i4 + ^f323 = 0. Thus, by Lemma [2?2l 




Again setting ei = ei, 62 = cosh 062 + sinh0e3, 63 = sinh0e2 + cosh0e3, and 64 — 64 
yields bases for A* in the form 

E^ = cosh OE^ + sinh OE^ , E^ = cosh ^i;^ + sinh OEf , Ef ^ Sf . 

We may compute 

W^Et = <TfE+ = erf (cosh 0E+ + sinh OE^ ) 

= WX (cosh eE+ + sinh eE+ ) = erf cosh eE+ - erf sinh 61^2^ . 

This shows erf = erf = —erf. A similar argument applied to the basis Ci = Ci, 
62 = cosh 6*62 + sinh 6*64, 63 = 63, and 64 — sinh 6*62 + cosh 6*64 yields af = —erf. 
Since erf - erf - erf = 0, it now follows that W^ =0. D 

2.3. The proof of Theorem ll.il Let 9Jt be a null Osserman model. By Lemma 
12. H 971 is Einstein. We complete the proof of Theorem 11.1 1 bv showing 971 is self-dual 
or anti-self-dual. Suppose the contrary and argue for a contradiction. As 9Jl is null 
Osserman, J a is nilpotent so the characteristic polynomial pa(Ja(m)) — A^- Let 

£1 := A1212 + 2A1214 — 2yli223 + 2A1234 — A1324 + Ai4i4, 

Q{a, b) := (A1212 - 2^1214 - 2^1223 - 2^1234 + ^1324 + ^1414)0" 

+ (^1212 + 2A1214 -I- 2A1223 — 2^1234 -I- ^1324 + ^1414)6 

+ 2(^1212 + 2^1313 - 3^1324 - Aiiii)a%'^ 

+4(Ai2i3 - A1224 - ^1314 - ^1323)a^& 

+4(Ai2i3 - A1224 + ^1314 + Ai323)a5^. 

If we take u = aei + be2 + 063 + 664, then we have 

A" = Px{Ja{u)) = X" (A^ - Q{a, b)£i) . 

As px{J'a{u)) ~ A"', either Q{a,b) = or £1 = 0. If we suppose that 81 ^ 0, we 
then have Q{a, b) vanishes identically for all a, b. This leads to the relations: 

^1213 ^ A122A = 0, ^1214 + ^1223 = 0, ^1314 + ^1323 = 0, 

^1234 + ^1313 — 2^1324 — ^1414 — 0, ^1212 + 2A1313 — 3A1324 — A1414 = . 

From this, we see that the matrix in Lemma 12.21 vanishes for e — —1. This means 
that the anti-self-dual Weyl curvature operator W^ vanishes so 9Jl is self-dual. This 
is contrary to our assumption. Thus for any oriented orthonormal frame we have 

(2. a) = A1212 -t- 2A1214 — 2A1223 + 2A1234 — ^1324 + ^1414 • 

Setting ei = — ei, 62 = 62, 63 = 63, and 64 — —64 yields 

(2.b) — A1212 — 2^1214 + 2yli223 + 2A1234 — ^1324 + ^1414 • 

Subtracting Equation (j2.bp from Equation (I2.a|) then yields the relation 

= — A1214 + A1223 • 
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We may now use Lemma 12.31 to complete the proof of Theorem 11.11 
3. The proof of Theorem 11.31 



Here is a brief outUne to this section. In Section [3.11 we construct, up to isomor- 
phism, all spacelike Jordan Osserman models of signature (2, 2). In the remainder 
of Section [3l we analyze each possible Jordan normal form in some detail using 
the classification of Equation (jl.ep . Sections 13. 2113. 51 deal with Type la models. In 
Section [372] we study the case when all the eigenvalues are equal; this gives rise to 
Theorem 11.3! (1). In Section [3731 we study the case of two equal spacelike eigen- 
values, and in Section [3.41 we study equal timelike and spacelike eigenvalues; these 
involve Theorem 11.31 (2) and (3), respectively. In Section [375] we study Type la 
models with distinct eigenvalues; this leads to Theorem 11.31 (4). We complete the 
proof of Theorem 11.31 by showing the remaining Types do not give rise to null Jor- 
dan Osserman models. Type lb models are studied in Section 13.61 Type II models 
are studied in Section 13.71 ^^id Type III models are studied in Section! 



3.1. Spacelike Jordan Osserman models. We use the ansatz from [16]. Let 
{^1, ^2, ^3} be the paraquaternionic structure given in Equation 1^1. d\\ . Let ^ij S M 
for 1 < i < j < 3 and let kq G I^ be given. Let 

(3.a) A„„,e := KoA" + i^i^*^ + 562^*^ + ^63^*^ 

+^^12^*^+*^ + |ei3^*^+*^' + 5e23^*^+*^ 

(Cll + C12 + Cl3 -C12 -^3 

62 -^22 - 62 - ^23 -C23 

?13 —^23 ^^33 — Cl3 — C23 

Lemma 3.1. Adopt the notation established above. Let OTko,? -^ (^' ('' ')i^«;o,c)- 

(1) If X G S^{V, (•, •)), then Ja^ ^^ix) is conjugate to the matrix ±Jk,q.^- 

(2) The model ^Ka,(, *s spacelike and timelike Jordan Osserman. 

(3) LetdJli = {V,{-,-),Ai) be spacelike Osserman models oj signature (2,2). // 
Jai{x) is conjugate to JA^i^) for some x E S^{V, (•, •)), then there exists 
an isometry (j) of {V, (•, •)) so that (j)* A2 — Ai. 

Remark 3.2. Since any self-adjoint map of a signature (2, 1) vector space is con- 
jugate to i/rto,^ for some {kqj S.}, every spacelike Osserman model of signature (2, 2) 
is isomorphic to one given by Equation p.ap . 



Proof. We suppose a; is a spacelike unit vector as the timelike case is similar. Let 
/i := ^ix, /2 :— ^22;, and /s := '^sx. Then {/i, /2, fs} is an orthonormal basis of 
signature (-I-, — , — ) for x-^. Let J := Ja^ ^{x). We use Equation (11. cp to see: 

Jfi ^ (ko + Cii + C12 + £.13) fi + C12/2 + C13/3, 

>//2 — — C12/1 + (ko — C22 — C12 — £23) f 2 — £,23 f 3, 
J f3 — ~Cl3/l ~ C23/2 + (ko — C33 — Cl3 — £23) f3 ■ 

Assertion (1) now follows; Assertion (2) follows from Assertion (1). Suppose that 
9Jt is a Type la spacelike Osserman model so Ja{x) = diag[a,/3,7] for any x in 
S~^{V, (•,•)); choose the notation so Kei{J'A{x) — aid) is spacelike. It then follows 
from the discussion in [21 [11] that there exists an orthonormal basis B so that the 
non-zero components of the curvature tensor are given by: 

^1221 = ^4334 ~ en, ^1331 = ^2442 ~ —13, 

Ai44i = A3223 = -li ^1234 = (-2a + l3 + 7)/3, 

^1423 = {a + f3~ 27)/3, ^1342 = (a - 2/3 + 7)/3 . 

Similar forms exist for the other Types of Equation (11. ep . Thus the Jordan normal 
form of JAix) determines A up to the action of 0(2, 2). Assertion (3) follows. D 
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The following observation is immediate: 

Lemma 3.3. A null Osserman model 9Jt of signature (2, 2) is null Jordan Osser- 
man if and only if the functions Rank{j7A(-)} '^'^'^ Rank{j7yi(-)"} '^^^ constant on 

N{V, {;■))■ 

3.2. Type la with all eigenvalues equal [a — (3 — j]. We set A — kqA'^. By 
Lemma l3.H the Jordan normal form is given by diag[Ko, i^q, f^o]- If w € N(V, (•, •)), 
then J'A{v)y — —k,o{v, y)v and hence 9Jt is null Jordan Osserman. 

3.3. Type la with two equal spacelike eigenvalues [/3 = 7, a 7^ /3]. Let J 
be an orthogonal almost complex structure on V and let A = kqA^ + kjA^ . The 
Jordan normal form is then given by diag[Ko + 3kj, kq, kq] which has the desired 
form for suitably chosen kq and kj with nj 7^ 0. Let v e N{V, (•, •)). We have 

Ja{v)v = -Ko(w, v)v + 3Kj{y, Jv)Jv . 

Because J^ = — id, v and Jv are linearly independent vectors. We note that 
{v,v) — {v,Jv) — {Jv,Jv) — 0. Consequently J'a{v)v = Ja{v)Jv — 0. Since v^ 
and Jy-^ are distinct 3-dimensional subspaces, we can choose y so (u, y) — 1 and 
{Jv,y) — 0. It now follows that JA{v)y — —kqv while JA{v)Jy — SkjJv. Thus 
J^a{v) has rank 2 and J^a{v)'^ = 0. This implies A is null Jordan Osserman. 

3.4. Type la with equal timelike and spacelike eigenvalues [a = f3, /3 7^ 7]. 

Let A = kqA'^ + KpA^ where Kp 7^ and where P is an adapted paracomplex 
structure; the Jordan normal form is then given by diag[Ko, kq — Sup, kq] which has 
the desired form for suitably chosen parameters. If w G N{V, (•, •)), then 

JA{v)y = -Ko(w, y)v + 3Kp(y, Pv)Pv . 

If kq = 0, 971 is null Jordan Osserman. Suppose kq 7^ 0. If w = ei + Pei, then 
Pv = V so ^m\k.{J^A{v)} < 1. On the other hand, if w = ei + 64, then v and Pv are 
linearly independent so Rank{j7A(w)} = 2 and 971 is not null Jordan Osserman. 

3.5. Type la with three distinct eigenvalues. Let A := J^i '«i^*' where 
{^1,^2,^3} is the paraquaternionic structure of Equation (jl.dp : the Jordan nor- 
mal form is given by diag[3Ki, — 3k2, — Sks] which has the desired form for suitably 
chosen parameters with 

Ki+ K2 ^0, Ki + K3 7^ 0, K2 - K3 7^ . 

Let g e S+{V, {■,■)), let V+ := Span{g,*ig}, and let V- = V^ = Span{*2e,*3e}. 
We then have an orthogonal direct sum decomposition V = V- (B V+ where V+ is 
spacelike and V- is timclike. Decompose v S N{V, (•, •)) in the form v = A(e+ +e_) 
where e± G V±. Let 971 be spacelike Osserman. We have Ja{v) — ^JAie-j^ + e_). 
Since JaW) is nilpotent, JaW) ^^^ Ja{,g+ + e_) have the same Jordan normal 
form. Thus we may safely take A = 1 so u = e+ + e_. Set e = e+ and expand 
e_ — cos 6*^26 + sin 0^36. This expresses 



w = e + cos Q^2& + sin 6'4'3e 


for eG5+(l^, (•,•)). 


We use the relations *i*2 = ^3, *i*3 = - 


-*2, and *2*3 = -*i to see 


^iw = +'I'ie 
. ,^ ^2W = cos0e —sin 6*^16 
' ■ ^ *3V = sin 6*6 + cos 6**16 


-sin 6**26 + cos 6**36, 

+*2e +0, 

+0 +*3e, 



= *iw + sin6'*2W " cos 6**31; . 

This shows that the vectors {*iw, *2W, *3w} span a 2-dimensional subspace. As 
(*iW,*j-y) = 0, Span{*iw} C Kcr{J'^(w)}. As RangelJAlw)} C Span{*iw}, 

Rank{JA(w)} < 2 and JA{vf=^. 



CA{e) = 3 
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Note that {e, ^le, ^2^, ^3^} is a basis for V . Let 7r+ denote orthogonal projection 
on V+ — Span{e,*ie}. As 7r+ is injective on Range{JA(w)} C Span{*2W, ^3^}, 

r{v) :— dimRange{JA(w)} = dim{Span{7r+ JA(w)e,7r+ JA(w)^ie}} . 
By Equation (|3^ . 

JA{v)e = 3K2COS0^2'y + 3K3sin0^3W, 

JA{v)^ie = 3^1*11' - 3k2 sin6'*2W + 3k3 cos 6**31;, 

■K+JA{v)e — 3{k2 cos0(cos0) + K3 sin0(sin6')}e 

+3{k2COS0(— sin0) + K3 sin0(cos0)}*ie, 
T^+JA{v)'^ie — 3{— K2 sin6'(cos0) + K3 cos0(sin0)}e 

+3{ki — K2 sin0(— sin0) + K3 cos0(cos6')}*ie . 
This leads to a coefBcient matrix for ii+J^Aiv) on V+ given by 

K2 cos^ ^ + K3 sin^ 9 (— K2 + K3) sin 9 cos 9 

( — K2 + K3)sin0COS0 Ki + K2Sin^ + K3C0S^ ( 

We compute: 

idet(CA)(^) = KiK2Cos^0 + K2cos^0sin^0 + K2K3COs''0 

+ K1K3 sin^ 9 + H2HZ sin"' 9 + n\ sir? 9 cos^ 9 

- kI sin^ 9 cos^ ^ - Kg sin^ 9 cos^ + 2k2'«3 sin^ 9 cos^ 
= K1K2COS + KiK3sin 9 + K2K3 

— (ki + K3)k2 cos^ 9 + (ki + K2)k3 sin^ 9 . 

Observe that K2K3 = implies that det(CA)(6') vanishes for some 9 and thus DJl is 
not null Jordan Osserman. Hence, since (ki + K3)k2 and (ki + K2)k3 are non-zero, 
det(CA)(^) never vanishes, or equivalently 2Jt is null Jordan Osserman, if and only 
if these two real numbers have the same sign, i.e. K2K3{ki + K3)(ki -|- K2) > 0. 

3.6. Type lb models. Let b ^ Q. We take a curvature tensor of the form: 
A ^ i{(a - fo).4*i + (-6 - a)A*^ + 6A*i+*^ + cA*^} . 

Proceeding as in the previous case, we have for any e G S'^{V, (•, •)) that: 

JAix)y = ((a*i + 6*2)2;, y)'^ix + ((6*1 - a-^2)x, y)'^2X + c(*3X, y)'^3X, 

jA(e)*ie = a*ie -f- 6*26, jA(e)*2e = -6*ie + a*2e, jA(e)*3e = -c*3e . 

Thus Tl :— {V, {■,■), A) is Type lb and any Type lb model is isomorphic to DJl for 
suitably chosen parameters. As in Section [3751 put v — e + cos 0*26 + sin 6'*3e. We 
compute: 

J^A{v)e — fecos0*iv — acos0*2W + csin0*3-y, 

JA(w)*ie = (a - fesin6')*iw + (6 + asin6')*2W + ccos6'*3-y, 

TT+J'A{v)e ~ {— acos0(cos6') -I- csin0(sin6')}e 

-|-{6cos6' — acos6'(— sin0) + csin6'(cos0)}*ie, 
Tr+JA{v)^ie =: {(6 -I- a sin 6*) (cos 6*) -I- c cos 6* (sin 6*)} e 

+{(a- 6sin6') + (fe + asin6')(- sin6') + ccos6'(cos6')}*ie. 

The coefficient matrix for 'k^J'a{v) on V+ is then given by 

^ in\ _ ( —acos^ 9 + csiT? 9 6 cos 4- (a -f- c) sin 6* cos ( 

^^ ' ~ \ bcoa9+ {a + c)sm9coa9 -26 sin 0+ (a + c) cos^ 6* 

We have det(CA)(f ) ^ -"^bc, det(CA)(-f ) = 26c. If c 7^ 0, then these signs differ 
and hence det(Cyi)(0) — for some — ^ < 9 < ^ and 971 is not null Jordan Osserman. 
If c = 0, then det(CA)(f ) = and det(CA)(0) = -a^ - 6^ 7^ and again M is not 
null Jordan Osserman. This completes the analysis in this setting. 
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3.7. Type II models. We take a direct approach to this case. Let 9Jt — (V, (•,•), A) 
be a model of signature (2, 2), where ^4 is a Type II algebraic curvature tensor. Then 
the analysis of [2l|TTj shows there exists an orthonormal basis {61,62,63,64} for V 
such that the non-vanishing components of A are 



^1331 — 

— A2443 



^4224 = T (a - 

1 A, 



11224 



^1221 = ^4334 = ± (a - 5) 

^1441 — A3223 = ~P, A211Z — A2443 = T2: 

A1234 = (± {-a + 1) + /3) /3, ^1423 = 2(±a - /3)/3, 

Al342 = (±(-«~|)+/3)/3. 



1334 



±J 



Let u = 62 — 63 and let u = 62 + 63. Then 



Ja{u) = 










a 

-a 





\ 

/3 

-/3 

/ 



and Ja{v) = 



( ^2 








T2\ 





/3 


-/3 








P 


-/3 





V±2 








T2 j 



If /? = 0, then r{u) = and r{v) = 1; if /? 7^ 0, then r(w) = 1 and r{v) = 2. Thus 
9Jl is not null Jordan Osserman. 



3.8. Type III models. If 971 is Type III, then there exists an orthonormal basis 
{61, 62, 63, 64} for V such that the non-vanishing components of A are (see [2llll)) 



^1221 
A211A 

Al22Z 



^4334 
^2334 
^1443 



a, ^1331 — ^4224 — —Ot, ^1441 = ^3223 
-x/2/2, ^3114 - -^3224 = %/2/2, 
^1332 = -^1442 = V2/2. 



Let u = 62 — 63 and u = 62 -I- 63. Then: 



Ja{u) = 



( -V2 -\/2 ^^ 

-\/2 a q; V2 

\/2 -a -a -v^ 

-V2 -\/2 / 



V 



and Ja{v) 



i 





\ 





a 


-a 





a 


-a 


vo 





/ 



It now follows that r[u) — 2 while r{y) < 1 and hence Tl is not null Jordan 
Osserman. This completes the proof of Theorem 11.31 



4. The proof of Theorem 11.5 



Let A^ be a null Jordan Osserman manifold of signature (2, 2). First note that, 
by Theorem 11.31 A4 has Type la. Results of [2\ then show that Ai either (a) has 
constant sectional curvature, (b) is locally isometric to a complex space form, or (c) 
is locally isometric to a paracomplex space form. Since the curvature tensor of a 
paracomplex space form of constant paraholomorphic sectional curvature k satisfies 

R{x, y)z = f {R°{x, y)z - R'{x, y)z} ; 

this is ruled out by Theorem 1 1.31 This completes the proof of Theorem 11.51 
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